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We prove a product formula which involves the unitary group gener- 
ated by a semibounded self-adjoint operator and an orthogonal pro- 
jection P on a separable Hilbert space 7i, with the convergence in 
Ly^^{E.;1-L) . It gives a partial answer to the question about existence 
of the limit which describes quantum Zeno dynamics in the subspace 
Ran P. The convergence in 7i is demonstrated in the case of a finite- 
dimensional P. The main result is illustrated in the example where 
the projection corresponds to a domain in and the unitary group 
is the free Schrodinger evolution. 



1 Introduction 

The fact that the decay of an unstable system can be slowed down, or even 
fully stopped in the ideal case, by frequently repeated measurements check- 
ing whether the system is still undecayed was noticed first by Beskow and 
Nilsson |BNj . It was only decade later, however, when Misra and Sudarshan 
|MSj caught the imagination of the community by linking the effect to the 
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well-known Zeno aporia about a flying arrow. While at flrst the subject 
was rather academical, in recent years the possibility of observing Zeno-type 
effects experimentally has become real and at present there are scores of 
physical papers discussing this topic. 

On the mathematical side, the flrst discussion of the continuous obser- 
vation appeared in [Fr]. Two important questions, however, namely the 
existence of Zeno dynamics and the form of its effective Hamiltonian have 
been left open both in this paper and later in [MS] . The second problem is 
particularly important when the subspace into which the state of the sys- 
tem is repeatedly reduced has dimension larger than one. A partial answer 
was given in |Ex| Sec. 2.4] where it was shown that the results of Cher- 
noff |ChH ICh2j allow to determine the generator of the Zeno time evolution 
naturally through the appropriate quadratic form. 

Our interest to the problem was rekindled by a recent paper by Facchi 
et al. jFPSj who studied the important special case when the presence of a 
particle in a domain of C M'^ is repeatedly ascertained. Using the method 
of stationary phase the authors showed that the Zeno dynamics describes 
in this case the free particle conflned to fl, with the hard-wall (Dirichlet) 
condition at the boundary of the domain. The result cannot be regarded as 
fully rigorous, because detailed properties of the convergence are not worked 
out, but the idea is sound without any doubt. 

In the present paper we combine the results of |ChH ICh2j with that of 
Kato |Ka2j to address this question in a general setting. We show that if the 
natural effective Hamiltonian mentioned above is densely deflned — which is 
a nontrivial assumption — then the Zeno dynamics exists and the said oper- 
ator is its generator in a topology which includes an averaging over the time 
variable - cf. Theorem 12.11 for exact statement (a part of the present result 
given in Corollarv 12 . 31 was announced in jEl])- Our conclusion cannot be thus 
regarded as fully satisfactory from the mathematical point of view, because 
the natural topology to be used here is given by the norm of the Hilbert 
space, and in this respect an important part of the problem remains open. 
We demonstrate, however, the strong convergence in Ti for the particular 
case when the projections involved are flnite-dimensional - cf. Theorem 12.41 
On the other hand, from the physical point of view the result given in The- 
orem |23 is quite plausible taking into account that any real measurement is 
burdened with errors - see Remark 12.51 below. 

We will formulate the theorems together with their corollaries in the next 
section. Theorem 12. II will be then proven in Sections |21 and El Theorem 12.41 
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in Section |3| As an example we discuss in the concluding section reduction 
of a free dynamics to a domain in R'' by permanent observation. We will 
establish that the Zeno generator mentioned above is in this case the Dirichlet 
Laplacian, obtaining thus in a different way the result of the paper |FPSj . 

2 The main result 

Throughout the paper H will be a nonnegative self-adjoint operator in a 
separable Hilbert space 7i, and P will be an orthogonal projection. The 
nonnegativity assumption is made for convenience; our main result extends 
easily to any self-adjoint operator H bounded from below as well as one 
bounded from above, i.e. to each semi-bounded self-adjoint operator in Ti. 

Consider the quadratic form u ^ \\H^^'^Pu\\'^ with form domain D[H^^^P]. 
Note that H^/^P involved here is a closed operator and HP has the same 
property. Let Hp := (H^^"^ P)* (H^^"^ P) be the self-adjoint operator associ- 
ated with this quadratic form. In general, Hp may not be densely defined 
in which case it is a self-adjoint operator in a closed subspace of H. More 
specifically, it is obviously defined and acts nontrivially in a closed subspace 
RanP of the closure of the form domain D[H^^'^P], while in the orthogonal 
complement (RanP)-*- it acts as zero. 

The quadratic form u t— > ||if^''^PM|p defined on D[H^^'^P] is a closed 
extension of the form u t— > {Pu, HPu) defined on D[HP], but the former is 
not in general the closure of the latter. Indeed, if H is unbounded, D[H] is a 
proper subspace of D[H^/\ Take uq G D[H^/'^]\D[H] such that the vector 
H^/'^uq is nonzero, and set P to be the orthogonal projection onto the one- 
dimensional subspace spanned by Uq. Taking into account that D[HP\ = 
{u G H; Pu G D[H]} which uq = Puq does not belong to, we find HPu = 
for u G D[HP], while H^^'^Puq = H^^'^Uq 7^ by assumption. 

To describe our results, we denote by Lf^^{[0, oo)]T-C) = Lf^^{[0, 00)) ® 
TC the Frechet space of the 7i- valued strongly measurable functions f (■) on 
[0, cxo) such that ||w(-)|| is locally square integrable there, with the topology 
induced by the semi-norms v t-^ (jj"* ||f (t) pdt)^'^^ for a countable set {T^}'^^ 
of increasing positive numbers accumulating at infinity, lim^^oo Ti = 00. In 
a similar way one defines the Frechet space Lj^q^(R; Ti.) = Lf^^{R) ® H. 

Our main result can be stated as follows: 
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Theorem 2.1 Let H be a nonnegative self-adjoint operator on a separa- 
ble Hubert space Ti and P an orthogonal projection. Let t i— > P(t) be a 
strongly continuous function whose values are orthogonal projections in Ti, 
defined in some neighborhood of zero, with -P(O) =: P. Moreover, suppose 
that D[H^I^ Pit)] D D[H^/^P] and liiiii^o ll^^/^^W^^II = \\H^^^Pv\\ holds 
for V G D[H^^'^P]. If the operator Hp specified above is densely defined in 
the whole Hilbert space Ti, then for every f ETi and e = ±1 it holds that 

[P(l/n) exp{-ietH/n)P{l/n)]''f — > exp{-ietHp) Pf , (2.1) 
[P(l/n) exp(-ietff/n)]"/ — > exp{-ietHp) Pf , (2.2) 
[exp{-ietH/n) P(l/n)]"/ — > exp{-ietHp) Pf , (2.3) 

in the topology of L^^^lW-jH) as n — > oo. 

Note that Hp differs in general from the operator PHP, which may not 
be self-adjoint in H, nor even closed, because PH is not necessarily closed, 
though HP is. Hp is a self-adjoint extension of PHP. The requirement of 
the theorem that Hp is densely defined in 7i means nothing else but that the 
domain D[H^^^P] of the quadratic form in question is dense in Ti.. 

Note also that for e = 1, the theorem concerns a nonnegative self-adjoint 
operator eH = H, while for e = —1, we get product formulae for the non- 
positive self-adjoint operator eH = —H. Moreover, the result is preserved 
when H is replaced with a shifted operator H + cI, i.e. for any semi-bounded 
self-adjoint operator in a separable Hilbert space. 

An important particular case, most often met in the applications, con- 
cerns the situation when the projection-valued function is constant. 

Corollary 2.2 Let H be a self-adjoint operator bounded from below in a 
separable Hilbert space 7i and P an orthogonal projection. If the operator 
Hp specified above is densely defined, then for every f E H and e = ±1 we 
have in the topology of Lf^^(R]T-C) the limiting relation 

[P exp{-ietH/n)PYf — > exp{-ietHp) Pf (2.4) 

for n oo as well as its nonsymmetric counterparts obtained by setting 
P{l/n) = P m (Q) and JO) . 

iFiom. the viewpoint of quantum Zeno effect described in the introduction 
the optimal result would be a strong convergence on Ti for a fixed value of 
the time variable, moreover uniformly on each compact interval in t. Our 
Theorem 12.11 implies the following weaker result on pointwise convergence. 
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Corollary 2.3 Under the same hypotheses as in Theorem \2.1l there exist a 
set M C M of Lebesgue measure zero and a strictly increasing sequence {n'} 
of positive integers along which we have 

[P{l/n') exp{-ietH/n')P{l/n')f f — > exp{~ietHp) Pf , (2.5) 
[P{l/n) exp{-ietH/n)ff — > exp{-tetHp) Pf , (2.6) 
[exp{-ietH/n') P{l/n')f f — > exp{-tetHp) Pf , (2.7) 

for every f ETi, strongly in Ti for all t E ^ \ M . 

As we have indicated above, one need not resort to subsequences in the 
particular case when the projections involved are finite-dimensional. 

Theorem 2.4 In addition to the hypotheses of Theorem \2. il assume that 
the orthogonal projection P as well as P{t) is of finite dimension. Then 

(i) the formulae / li^. ip -z TOj) hold in the norm ofTi as n ^ oo, uniformly on 
each compact interval of the variable t in'R \ {0}, 
(a) it also holds for e = ±1 that as n oo, 

[P{t/n) exp{-ietH/n)P{t/n)f — > exp{-ietHp) P , 
[P{t/n) exp{-ietH/n)Y — > exp{-ietHp) P , 
[exp{-tetH/n) P{t/n)f — > exp{-ietHp) P , 

strongly on Ti, uniformly on each compact interval in the variable t G M. 

Before proving Theorems 12.11 and 12.41 and Corollary 12.31 let us comment 
briefly on several other aspects of the result. 

Remark 2.5 While the necessity to pick a subsequence makes the pointwise 
convergence result weaker than desired, let us notice that from the physical 
point of view the convergence in Lf^^{R.-^l-L) can be regarded as satisfactory. 
The point is that any actual measurement, in particular that of time, is 
burdened with errors. Suppose thus we perform the Zeno experiment on 
numerous copies of the system. The time value in the results will be char- 
acterized by a probability distribution : M+, which is typically a 
bounded, compactly supported function - in a precisely posed experiment it 
is sharply peaked, of course. CoroUarv 12.21 then gives 

j (pit) II [Pexp{-ietH/n)P]''f - exp{-ietHp) Pff dt ^ (2.8) 
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as n —> oo, in other words, the Zeno dynamics hmit is vahd after averaging 
over experimental errors, however small they are. 

Remark 2.6 While the proof of strong convergence in Ti. in Theorem 12 . 1 1 and 
Corollaries 12 . 21 and 12 . 31 remains elusive without the finite-dimension assump- 
tion, such a claim can be easily established in the orthogonal complement of 
the subspace PH. Indeed, taking / G QH, where Q := I — P, we have 

(P(l/n)e-'"*^/"P(l/n))"/ = (P(l/n)e-'"*^/"P(l/n))"P(l/n)g/ , 
(e-*"*^/"P(l/n))"/ = (e-*"*^/"P(l/n))"P(l/n)Q/, 

which converge to zero, uniformly on each compact t-interval in M, as n — >■ oo, 
because P(r) — P as r — >• 0. This gives the result for ()2.5p and ()2.7|) . while 
for (|2.6p one has to employ in addition the relation (j3.11|) below. 

Remark 2.7 The fact that the product formulae require Hp to be densely 
defined is nontrivial. Recall the example of |Exl Rem. 2.4.9] in which H 
is the multiplication operator, {Hip){x) = xip{x) on L^(M+), and P is the 
one-dimensional projection onto the subspace spanned by the vector ipQ : 
7/,o(x) = [(7r/2)(l+x2)]-i/2. In this case obviously Hp is the zero operator on 
the domain D[Hp] = {ipo}~^- On the other hand, P e~^^^ P acts on RanP as 
multiplication by the function 

v{t) ■= e-* - - \e-'Ei{t) - e*Ei(-t)l = 1 + - tint + 0{t), 

71 71 

where Ei{—t) and Ei(t) are exponential integrals |ASj : due to the rapid 
oscillations of the imaginary part as t | a pointwise limit of f (t/n)" for 
n — >■ cx) does not exist. Notice also that different limits may be obtained in 
this example along suitably chosen subsequences {n'}. 

Remark 2.8 In their recent study of Trotter-type formulae involving pro- 
jections Matolcsi and Shvidkoy |MaSj presented two examples in which ex- 
pressions of the type [exp{—iH/n)P]'^ do not converge strongly. This result 
does not answer the question, however, whether the product expressions 
considered here converge in the strong topology of H or not, because our 
assumptions are not satisfied there. In the first example of |MaSj the ana- 
logue of the operator Hp is not densely defined, in the second one H is not 
semi-bounded. 
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3 Proof of Theorem EH 



We present the argument for e = 1, the case e = —1 can be treated similarly. 
We first prove (EH) in (a), and next (Q, (Q in (b). 

(a) Let us begin with the symmetric product case and prove the formula ()2.1|) 
with e = 1. We will check the convergence in ()2.H) on an arbitrary compact 
t-interval in the closed right half-line [0, oo). The proof for t-intervals in the 
closed left half-hne (— oo, 0] is analogous, and in addition, it can be included 
in the case e = —1 with the convergence in ()2.1|) on compact t-intervals of 
the closed right half-line [0, oo). 

Put Q{t) := I - Pit) and Q := Q{0) = I - P(0) = I - P, where 
/ is the identity operator on Ti. Since H is nonnegative by assumption, 
there exists a spectral measure E{dX) on the nonnegative real line such that 
H = J^X E{dX). For C G C with ReC > and r > 0, we put 

F{C,r)=P{r)e-<^"Pir), (3.1) 

which is a contraction, and 

S{C, r) = r-'[I - F(C, r)] = r-'[I - P{r) e-^-^P(r)], (3.2) 

which exists as a bounded operator on 7i with Re (/, S{Q, r)f) > for every 
f E Ti. For definiteness we use here and in the following the physicist 
convention about the inner product supposing that it is antilinear in the first 
argument. For a non-zero C ^ C with Re^ > 0, we put also 

H{0:=C'[I-e-^'']. (3.3) 

Each element f (■) in Lf^^{\Q, oo); Ti) is an equivalence class such that any 
two representatives of it are equal a.e. on [0, oo). However, at some places 
we will not avoid an abuse of notation using for a particular representative of 
such an element the same symbol f (■). At the same time, in the following the 
convergence of a family of vectors f (■, t) to f (■) in the topology of the space 
L^Qj,([0, oo); ?-^) = ^^^^,([0,00)) ® 7i as r tends to zero will be often written 
as v{t,T) — > v(t); this will be the case when writing v{-,t) — > v{-) would 
require to introduce a separate symbol for this v{t, r) the meaning of which 
is clear from the context. 

The key ingredient of the proof is the following lemma. 
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Lemma 3.1 (/ + S{it,T))~^ converges to {I + itHp)~^P as t strongly 
in Lf^^{[0, oo); H), in other words, for all f & H and every finite T > we 
have 

r II (/ + Silt, r)r'f - (/ + ttHp)-'Pff dt^O, T^O. (3.4) 

^0 

We postpone the proof of Lemma 13.11 to the next section. For the moment 
we will accept its claim and use it to show that it implies the symmetric case 
1)2.11) of the product formula in Theorem 12.11 

To this end, let {m„} be a strictly increasing sequence of positive integers, 
i.e. a subsequence of the sequence of all positive integers. We have only to 
show that there exists a subsequence {n'} in any such sequence {m„} along 
which ()2.H) holds. Then by a standard argument we can conclude that ()2.H) 
actually holds along the sequence of all positive integers n. For if this were not 
the case, there would exist a subsequence {n'} of strictly increasing positive 
integers along which 1)2.11) does not converge. However, we see that there is 
a subsequence {n"} of {n'} along which the convergence takes place to the 
same limit, which is a contradiction. 

Fix {rrin} and / G 7Y. Lemma 13.11 holds, in particular, along the se- 
quence {Tn} with r„, := l/m„, and since convergence implies pointwise 
convergence a.e. along a subsequence, there exist a subset Mf of Lebesgue 
measure zero of the variable t in [0, cxo) and a subsequence {t/„} of {r„}, 
both dependent on /, such that 

(/ + S{zt, rf,n)r'f ^ (/ + itHp)-^Pf 

holds strongly in H for t E [0, oo) \ Mf. Since Ti is separable by assumption, 
we can choose a countable dense subset V = {fe}iLi in T^- Then we infer 
that for /i G P there exist a set Mi := Mf^ of Lebesgue measure zero 
and a subsequence {ri,„} of {r„} along which (/ + S{it,Ti^n))~^ f converges 
to (/ + itHp)^^P f for every t ^ Mi. Next, for /2 G P there exist a set 
M2 := Mj2 of Lebesgue measure zero and a subsequence {t2,„} of {ti „} along 
which (/ + S{it,T2^n))~^ f converges to (J + itHp)~^P f for every t ^ M2. 
Proceeding in this way, we associate in the £-th step with fi E T> a set 
Mi := Mf^ of Lebesgue measure zero and a subsequence {re^n} of {rf_i^„} 
along which {I + S{it, Ti^n))^^f converges to {I + itHp)~^Pf for every t ^ M^. 
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Now we put := r„_„ and n' := l/r^, so that {n'} is a subsequence 
of the strictly increasing sequence of positive integers from which we 

have started. Then it follows that for every t G [0, oo) \ U^^M^ , the sequence 
{(/ + 5(zt,r;))-V} converges to (/ + itHp)-^Pf strongly in H as < ^ 
for every f eV, and therefore also in H, because both (/ + S{it, Te^n))~^ and 
(/ + itHp)^^P are bounded operators on Ti with the norms not exceeding 
one. We denote M := U^j^M^, which is, of course, again a set of Lebesgue 
measure zero. In this way we have found a subsequence {r^} of {r„ = l/m„} 
and an exceptional subset M of [0, oo) such that 

(/ + Sitt, T'^))-^f = (/ + l/n'))-^f ^ (/ + itHpY^Pf (3.5) 

strongly in 7i as r/^ ^ or ^ oo for every f ETi and for each fixed t ^ M; 
it is important that M is independent of /. 

Lemma 3.2 For the sequence specified above and every f ETi we have 
[P{l/n) exp{-itH/n')P{l/n')ff — > e~''"^Pf (3.6) 
as n' — s> oo strongly in Ti provided t ^ M . 

Notice that this claim is in fact the "symmetric" part of Corollarv 12.31 

Proof of Lemma l^/.M ' We use arguments analogous to those employed in 
derivation of Chernoff's theorem - see |Ch2l Theorem 1.1], |Chlj and |KaH 
Thm IX.3.6]. We divide the proof into two steps referring to / belonging to 
PTi and to its orthogonal complement. 

Suppose first that / G PTi. For t ^ M and r fixed, the operator S{it, r) 
generates a strongly continuous semigroup { e~^'^(**''^) : 6* > } on 7i, and 
the resolvent convergence ()3.5|) implies the convergence of the corresponding 
semigroups |KaH Thm IX.2.16], so we have 

^-eS{it,l/n') J s ^ ^-iOtHp J 

in 7i as n' oo for t ^ M, uniformly on each compact interval of the 
variable 6 > 0. In particular, choosing 6* = 1 we get for each t G [0, oo) \ M 

^-Siit,l/n')f ^^-UH,f^ n'^oo. (3.7) 

The same equivalence implies for any A > and t G [0, oo) \ M that 

(/ + XS{it, l/n'))-^f ^ (/ + iXtHpY^Pf , 
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in particular, using the diagonal trick we obtain 

1 X -1 



/ + -^S{tt, 1/n') f ^Pf as n' ^ cx). 



(3.8) 



for every t G [0, oo) \ M. Next we use |ChH Lemma 2] which gives for any 
g ^Ti the inequality 



FiitMn'Yg-e 



n - p-n'{I-F(it,l/n')) 



<^n'\\{I~F{itMn'))g\\ 



Choosing g = + -^S{it, l/n')^ f we infer that 



F{it, 1/n') 



/^n' 



-S{it,l/n') 



1 + 



Sitt,l/n')) f 



< 



I + ^Sitt, 1/n') / - / 



where the right-hand side tends to zero as oo by ()3.8|) . Using ()3.8|) once 
again we get 



F(it,l/n')"7-e-^('*'i/"')/ 



0, 



(3.9) 



The sought relation (j3.6j) immediately follows from (j3.7j) and (j3.9|) . since by 
(Pmi we have F(it,l/n')"' = [P{l/n') exp{-itH/n')P{l/n')]''' . 

The case / G QH is easier being independent of the arguments preceding 
Lemma (3.21 We have, along the sequence of a// positive integers n, 

[P(l/n) exp(-iti7/n)P(l/n)]"/ 

strongly in Ti and for each t G [0, oo), since P{l/n)f = P{l/n)Qf converges 
by assumption to PQf = as n — oo, while exp{—itHp)Pf = 0. | 

This yields the sought result because {[P{l/n') exp{—itH/n')P{l/n')]'^'} 
is a bounded sequence for any t > and by Lebesgue dominated-convergence 
theorem it tends to the expected limit in ^^^^([0, oo);H). Using the standard 
"subsequence" trick mentioned above we have thus shown that Lemma l3.ll 
implies the symmetric product formula (|2.H) of Theorem 12.11 

(b) Let us turn to the non-symmetric product-formula cases, i.e. to prove 
that (j2IH) imphes ((221) and (jZH))- 
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Proof of We employ the standard notation, [U, S] = US — SU, for the 

commutator of bounded operators U and S. First we observe the following 
fact. 

Lemma 3.3 It holds that [e"^*^^, P(r) ] ^ as r — s> 0, uniformly on each 
compact t-interval in M. 

Proof: By ()3.3|) with ( = itr we have 

[e-**^^,P(r)] = i{p{T)tTH{itT) - tTH{itT)P{T)y 
and hence for any f G 7i we can estimate 

\\[e~''^",P{T)]v\\ < \\tTH{itT)v\\ + \\tTH{ttT)P{T)v\\ . 

We rewrite (|3.3p with ^ = itr as 

.^^/. X I — costrH , sin trH x x /„,„x 

iH{itT) = + I =: B{tT) + iA{tT) , (3.10) 

tr tr 

where Bitr) and Aitr) are obviously bounded self-adjoint operators on 7i, 
and B{tT) is in addition nonnegative. The definition makes sense if t 7^ but 
we need not exclude this case because what we really need is the operator 
trH (itr). For any w ETC we get 

\\tTH{itr)wf = \\[tTB{tT) +itTA{tT)]wf 

= \\ [{I — costrH) + i sin tTH]w\\'^ 

= {w, [{I - cos trHf + sin^{tT H)]w) 

= 4|| sin{tTH/2)wf ^0, 

uniformly on compact t-intervals in M. In this way we have proved the claim, 
noting that P{t) — > P holds uniformly on each compact t-interval in M as 
r ^ 0. I 

Now we employ the following identity, 

{P{l/n) e-'*^/")"t; - (P(l/n) e-'*^/"P(l/n))"t; (3.11) 
= -(P(l/n)e~'*^/"P(l/n))"-'[e-**^/", P{l/n) ]v , 

the right-hand side of which converges by Lemma 13.31 to zero for all t 7^ 
and any v E Ti, because (P(l/r;,)e~**^/'^P(l/'n,))"'~^ is a contraction on Ti, 
and hence also in Lf^^{[0, oo); 7i). This yields the formula (j2.2|) . 
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Proof of i2.L^} : In view of the already proven formula (j2.ip we have for every 
f & Ti. and T > the following chain of relations 



with the limsup taken along n ^ oo, because / = P{l/n) + Q{l/n) and 
P(r)^Pasr^O. It follows that ||Q(l/n)(e-'*^/"P(l/r2))"/f — , 
as n ^ oo. Thus for any t>(-) G L^^^{[0, oo);7i) and every T > we have, 
again by (j2IH), 



as n — >■ CO. It means that {(e~**^/"P(l/n))"/} converges to e~^^^^Pf weakly 
in LfQ^([0, oo);7i) together with all the seminorms, and therefore the conver- 
gence is strong in Lf„^([0, oo)]n). This yields the formula (Q. 

It remains to prove Lemma ITT] on which the above arguments were based. 

4 Proof of Lemma 13.11 

To demonstrate ()3.4|) . we shall use the Vitali theorem - see, e.g., |HPj - 
for holomorphic functions and employ arguments analogous to those used in 
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Kato's paper |Ka2j for the self-adjoint Trotter product formula with the form 
sum of a pair of nonnegative self-adjoint operators. We do it in three steps. 

/. In the first step we will show the following lemma. 
Lemma 4.1 For a fixed ( = t > 0, 

{I + S{t,T))-^ ^ {I + tHpy^P as r^O. (4.1) 

Proof: The argument will be analogous to that in |Ka2j . and indeed, validity 
of the result in the particular case when our projection- valued function is 
constant is remarked in \Ka2\ Eq. (5.2), p. 194]. 

For ( = tT > we have from (jXHl) H{tT) = (tr)"i[J - e"*^-^], which is a 
bounded, nonnegative and self-adjoint operator on Ti. It allows us to rewrite 

S{t,T) = r-^[I - P{r){I -trH{tr))P{r)] 

= T-^Q{t) +tP{T)H{tT)P{T) , 

which is in this case also a bounded and nonnegative self-adjoint operator. 
To prove (j4.1j) take any f ETC and put u{t, r) := (/ + S{t, r))~^/, so that 

/ = (/ + S{t, T))u{t, r) = [I + r-ig(r) + tP{T)H{tT)P{r)]u{t, r) . (4.2) 

Then we have 

(n(t,r),/) = ||«(t,r)f +r-ig(r)^(t,r)f +t||iJ(tr)V2p(r)^(t,r)f . (4.3) 

Thus the families {u{t, r)}, {T~^/^Q{T)u{t, r)} and {t^/^H{tTy/^P{T)u{t, r)} 
are all bounded by ||/|| for alH > 0, uniformly as r — 0, and therefore they 
are weakly compact in Ti. It follows that for each fixed t > there exists a 
sequence {Tn(t)} with Tn(t) — as n — > oo, in general dependent on t, along 
which these vectors converge weakly in 7i, 

u{t, t) ^ u{t) , T-''^Q{T)u{t, t) ^ goit) , 
t^'^H{tTfl^P{T)u{t, t) ^ h{t) , (4.4) 

for some vectors u{t), goit) and h{t) in 7i. Note that the sequence {r„(t)}^;^ 
can be chosen the same for all three families. 
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/^From this result we see first that Q{T)u{t,T) — ^ uniformly in t > 
as r ^ 0, so that we have Qu{t) = or u{t) = Pu{t) G PTi. For every 
V E D[H^^'^] we have, with the limit taken along {r„(t)}, 

{v,h{t)) = Yim{v,t^/^H{tTf'^P{T)u{t,T)) 

= t^/^ lim {Hitrf/^, P{r)u{t, r)) = f/^H^/h, Pu{t)) , 

because H^trY^'^v H^/'^v as r — > 0. Hence u{t) = Pu{t) belongs to 
^^(^ ^ t^/'^H^I'^Pu{t) because D[H^/'^] is dense by assumption. 
Furthermore, multiplying ()4.2|) by r^/^ and taking the weak limit along the 
sequence {Tnit)} we get goit) = 0. Similarly, multiplying ()4.2|) by P(t) we 
have for every v E D[H^^'^P] 

{v,P{T)f) = {v,P{r)u{t,T)) + {t^'^H{tTf/^P{T)v,t^/^H{tTf/^P{T)u{t,T)). 

Then taking the limit along the sequence {T„(t)} we get 

{v,Pf) = {v,Pu{t)) + {t'/'H'/'Pv,hit)), 

because by spectral theorem 

\\H{trY/\P{r)-P)v\\ = \\H{tTf'^{I + H)-^/^{I + Hf'^{P{T)~P)v\\ 

< \\{I + HYl\P{r)-P)v\\, 

which tends to zero since P(r) A P as r ^ 0, D[H^/^P{t)] D D[H^I^P] 
and \\H^/'^P{t)v\\ \\ 

ffi/2p^|| fQ]^ y g D[H^^'^P] by assumption^. Hence 
H^I^Puit) E D\H^/^P] and 

Pf = Pu{t) + t^'^H^/^Pfhit) = u{t) + t{H^'^Py{H^'^P)u{t) 

= u{t) + tHpuit) , (4.5) 

because D[H^^'^P] is supposed to be dense. Applying once again the standard 
argument mentioned after Lemma 13.11 to all the three families we conclude 
that the weak convergence in (j4.4|) takes place independently of a sequence 
{Tnit)} chosen. 

^This part of the proof shows that the hypotheses of Theorem 12.11 can be sHghtly 
weakened, because we need in fact only that s — hniT-^o H{tTY^'^ P{t)v — H^/^Pv holds 
for any v £ D[H^/'^P]. 
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On the other hand, we infer from (|4.3|) that 



{u{t)J) > \immf\\u{t,T)f + \immiT-^\\Q{T)u{t,r)f 
+ hminf \\f/^H{try/^P{T)u{t, r) f 

> wmi' + \\9oit)r + mt)r 

= \\uit)f + \\t^^^H'^^Pu{t)f 
= \\uit)f + t\\H'/uit)f 



with hminf taken along r — 0. Since by ()4.5p the left-hand side of the above 
inequality is equal to 



mj) = m,pf) = Mt)r+tm,Hpu{t)) = imr+twni/'um', 



we see that the norms of these vectors converge to the norms of their limit 
vectors. It allows us to conclude that the ?i-valued families in question, 
{M(t,r)}, {r-i/2g(r)M(t,r)} and {t^/^H{tTy/^P{T)u{t,T)} converge to u{t), 
and t^^'^H^/'^Puit) strongly in respectively, as r 0. In particular, we 
have shown that Pf = {I + tHp)u{t) and M(t,r) ^ u{t) = (I + tHp)-^Pf, 
or ()4.H) . This proves Lemma f4. II | 

//. Next, for a fixed r > 0, the function ( ^-^ F{(, r) is holomorphic in 
the open right half-plane Re C > and uniformly bounded in norm by one. 
This makes it possible to mimick the argument of Feldman j¥ej, which is 
reproduced in Chernoff's book |Ch2t p. 90], see also |Frj, to conclude by 
means of the Vitali theorem (see, e.g., |HP1 Thm 3.14.1]) that for ReC > 



holds uniformly on compact subsets of Re^ > 0. 

At the boundary ReC = 0, or ^ = with t real, (/ -|- 5'(C,t))~^ still 
converges as r ^ but in a weaker sense only. Using the argument of jEl 
based on the Poisson kernel, we can check that for each pair of f, g ^Ti. and 
all G L^(M) the following relation is valid. 



This says that for each pair of f, g eH the family {{g, (/ -|- S{it, r)) ^/)} of 
functions of t in converges to {g, (/ -|- itHp)^^Pf) as r weakly*. 



(/ + 5(C,r)) 



{I + CHp)-^P as r^O 



(4.6) 



s-hm / ^it){g,iI + S{zt,T))-'f)dt 



[ ^{t){g,iI+ztHp)-'Pf)dt. (4.7) 
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or equivalently, in the weak topology defined by the dual pairing between 
L°°(R) and L^{R) - see, e.g., [Koj . 

///. Now we shall show the family of the bounded operators {{I + S{it, t))~^} 
is weakly convergent in Lf^^dO, oo); H), and in fact, strongly convergent there 
too. To do so, we will employ an argument analogous to that used in the 
proof of Lemma ini on the Hilbert space Ti, however, this time on the Frechet 
space LL([0, oo);n). 

Using the decomposition ()3.10|) with t 7^ 0, we find (cf. |Ichj ) 

S{it,T) = r-^[I - P{t){I -ttTH{ttT))P{T)] 

= T-'Q{t) + tP{T){B{tT) + lA{tT))P{T) . 

To prove (j3.4p . take any f E H and put u{t,T) := (/ + S{it,r))^^ f. Note 
that this u(t, r) represents an element in Lf^^{[0, 00); H) as well as its unique 
representative in (0, 00), because u(t, r) is strongly continuous at this interval 
function of t. Then 

/ = {I + Siit,T))u{t,T) (4.8) 
= [/ + r-iQ(r) + tP{r){B{tr) + iA{tr))P{T)]u{t, r) , 

so we have 

(u(t,r),/) = {u{t,r),{I + S{it,T))u{t,T)) 

= ||n(t,T)f + r-i||g(rMt,r)f + t||i?(tr)i/2p(rMt,r)f 
+it{P{T)u{t, r), A{tr)P{T)u{t, r)) . (4.9) 

Observing the real part of ()4.9p we see that for r small enough, each of the Ti- 
valued families {u{t,T)}, {T-^/^Q{T)u{t,T)} and {f/^B{tTy/'^P{T)u{t,T)} 
is bounded by ||/|| for all t > 0. Moreover, they are strongly continuous 
in t for fixed r > 0, and locally bounded as 7i-valued functions of t in 
Li^Q^([0, 00); H), uniformly as r — ^ 0. 

Hence we infer first of all that Q{T)u{t, r) 0, uniformly in t G (0, 00), 
as r — > 0. Next, since Lf^^{[0, oo);H) is reflexive |GVt Chap. 1, Sec. 3.1, 
pp. 57-62], any bounded set in it is weakly compact |Kot Sec. 23.5, pp. 302- 
304]. Consequently, there is a sequence {r„}^]^ with — > as n — 00 along 
which the above famihes are weakly convergent in L^^^^([0, 00); H): 

u{t, t) ^ u{t) , T-'/'QirHt, r) ^ U{t) , 

e'^Bit, TY/^P{T)u{t, r) ^ z{t) , (4.10) 
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with some vectors «(■), /o(-) and z{-) G ^^^^([0, oo); 7i). Note that as before 
the sequence {r„}^^ can be chosen the same for all three families. 

Lemma 4.2 These above mentioned vectors have the following properties, 

u{t) = Pu{t) e PH foi a.e. t , z{-) = , fo{-) = ■ 
Proof: For Bitr) and Aitr) in (j3.1(J|) . the spectral theorem gives 



\mtr)vr 



poo 


1 


— cos trX 


Jo- 




trX 




1 


— costrA 


Jo- 


trX 



\\E{dX)Hvf ^0, veD[H] (4.11) 



as r by the Lebesgue dominated-convergence theorem. 

Since Q{T)u{t,T) uniformly in t G (0, oo) and Q{t) Q as 
r ^ 0, we have Qu{t) = 0, or in other words u(t) = Pu{t) G PTi for a.e. t. 
Moreover, by 1)4.111) we infer that 



{(f){t)v,z{t))dt 



lim 



lim 



{(f){t)v, t^'^B{tTf/^P{T)u{t, t)) dt 

^{t){t^/^B{tTf'^v, P{T)u{t, r)) dt 
(j){t){0,Pu{t))dt = 



holds for every G C^{[0, oo)) and v G D[H^% hence z{t) = a.e. because 
is dense in H, so that z{-) is the zero element of Lf^^{[0, oo) ;!-[). 
Finally, the relation /o(-) = follows from ()4.8|) which implies T^^'^Q{T)f = 
r^/^(l + T~^)Q(T)u{t,T), yielding the result; this concludes the proof. | 

Our next aim is to show that the weak limits in ()4.10|) do not depend 
upon a sequence chosen. The M(-,r„) = (J + S'(it, r„))~^/ converge to m = 
m(-) weakly in L^^^dO, oo);T-C) as n — > oo. It obviously implies that for all 
G C^([0, oo)) and for every g Eli. we have 



^{t){g,{I + S{zt,r))-'f) dt 



(l){t){g,u{t))dt, 
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again along the sequence {t„}. It follows from (j4.7p that 

u{t) = (/ + itHp)-^Pf, for a.e. t in [0, oo), (4.12) 

because the set of all such 4>{-)g is total in ^^^^([0, oo);H). This shows that 
for every f E H, (/ + S{it,Tn))~^ f converges to (/ + itHp)~^Pf weakly in 
L^Q^([0, oo); H) as n oo. Together with the fact that z{-) = 0, /o(-) = in 
view of Lemma 14.21 this yields the desired property, namely that the weak 
limits of ()4.1Up are independent of the particular subsequence {r„} chosen. 
The standard argument sketched below Lemma EH] shows that ()4.1()j) holds 
as r — > without any restriction on subsequences. 

Finally, we are going to check the strong convergence u{-,t) u{-) in 
Lf^^{[0, oo); 7"^) as r — > 0. In fact, we will prove two other limiting relations 
at the same time. 

Lemma 4.3 In the topology of L^^^dO, oo); Ti), the family {«(-, r)} converges 
to the vector u = u{-) as r 0, and moreover, 

r-'/'Q(r)uit,r)^foit) = 0, 
t^'^Bit, TY/^P{r)u{t, r) z{t) = . 

Proof: In the above reasoning we have already checked the weak convergence 
in ()4.1()j) as r — > 0. Integrating the real part of ()4.9j) in t over the interval 
[0, T] for any fixed T > and taking liminf as r 0, we get by Lemma [4.21 

|2 



Re [ {u{t)J)dt > liminf [ \\u{t,T) 
Jo Jo 

+ liminf [ T-d\Q{r)u{t,r)fdt 
Jo 



dt 

T 



i-T 

|2 



+ liminf [ ||ti/25(t^)i/2p, 
Jo 



T)u{t,T)\\^ dt 



> I \Ht)r dt + \\foit)r dt + Mt)r dt 

> r\\u{t)fdt 
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On the other hand, the left-hand side of the above inequahty is by (j4.12j) 
equal to 



Re / {u{t)J) dt = Re {u{t), {I + itHp)u{t)) dt = \\u{t)fdt. 



Hence we conclude that all the Frechet-space semi-norms of the vectors 
u{t,T), T^^/'^Q{T)u{t,T) and t^/'^B{t,TY/'^P{T)u{t,T) converge to the semi- 
norms of the weak-limit vectors u{t), and 0, respectively, as r — 0. Thus 
the convergence is strong with respect to each semi-norm, and since their 
family induces the topology in Lf^^{\Q^ oo); Ti) the lemma is proved. | 

This completes the proof of Lemma 13 .1^ and by that the verification of 
our main result. Theorem 12. II 

5 The finite-dimensional case 

In this section, we will prove Theorem 12.41 in which we assume that P and 
P{t) are finite-dimensional orthogonal projections. Since the closed operator 
H^f^P is supposed to be densely defined, the domain D[H^^^P] of H^^^P 
becomes the whole space 7i, for the restriction H^^'^PIp-h of the operator 
H^/'^P to the finite-dimensional subspace PTi is densely defined, so its do- 
main must coincide with PTi, and it acts as zero on QTi. The same is valid 
for H^/'^P{t) when P{t) is of a finite dimension. As a result, H^^^P and 
Hp = {H^/'^P)*{H^/^P) as well as H^/^P{t) are bounded operators on H by 
the closed-graph theorem. By the assumptions common with Theorem 12.11 
for each fixed / G D[H^/^P] = H the family {H^/^P{t)f} converges to 
H^/'^Pf as t ^ 0, and hence is uniformly bounded with respect to t near to 
zero, say, for — 1 < t < 1. Then by the uniform boundedness principle we 
can conclude that sup|(|<]^ ||iJ^/^P(t)|| < oo. 

To prove the assertions (i) and (ii) of Theorem 12.41 simultaneously, take 
a fixed a G M and consider instead of F(C,r), 5'(C,t) defined by p.ip and 
()3.2|) . respectively, the following operators 



F,(C,r) :=P(ar)exp(-Cri7)P(ar), ^„(C,r) := r-^J - F,(C, r)]. 



In fact, we shall employ Faiit, r), Saiit, r) instead of F{it, r), S{it, r) in the 
proof of Lemma 13.21 and Lemma 13.11 Similarly u{t, r) used above will be 
replaced by Ua(t, t) = {I + Sa{it, T))~^f corresponding to a given f ETC. 
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Lemma 5.1 For any t,t' > and < t < 1 we have 

\\Uait,T)-Uait',T)\\<Cia)\t-t'\\\f\\ 

with a positive C{a) independent oft,t', which is uniformly bounded as a 
function of a on each compact interval of M. 

Proof: By the resolvent equation we have 

Ua{t,T) - Uait',T) 

= (/ + Saitt, r))-'f - (/ + Saitt', r))-'f 

= (/ + Saiit, r))-'P{ar)T-'[e~^'^'' - e-^*'-^]P(ar)(/ + Sa{^t', r))'' f 

= iI + Saitt,T))-'Piar)- [ le-*^^^rfsP(ar)(/ + S,(^t',r))-V 

r Jf, as 

= -t{I + Sa{tt,T))-^P{ar) [ He-''^''ds P{ar){I + Sa{tt',T))~^f 

Jt' 

= + Sa{it,T)y\H^'^P{aT)r 

X / e-''^''ds{H^'^P{aT)){I + Sa{tt\T))-^f . 
Jt' 

At the beginning of this section we have argued that the operators H^^'^P^ar) 
are uniformly bounded on ?i for < r < 1. It follows that 

\\Ua{t,T)-Ua{t',T)\\<C{a)\t-t'\\\f\\ 

with C(a) := sup|a^|<i \\H^^'^P{ar)\\'^. By the argument preceding the lemma 
the function C(-) is uniformly bounded on each compact a-interval in R; this 
yields the claim. | 

Proof of Theorem \2.4\ It follows from the lemma that the vector family 
{ua{t, r)}, continuous in H, is uniformly bounded and equicontinuous. Hence 
we may infer by the Ascoli-Arzela theorem that the sequence {r„} used 
in part III of the proof of Lemma 13.11 can chosen to have an additional 
property, namely that the sequence {ua(t,T„)} converges strongly to u{t) 
also pointwise, uniformly on [0, cxd). Then the limit u{t) becomes strongly 
continuous in t > 0, and coincides with {I + itHp)~^f for all t>0. Thus we 
have instead of Lemma 13.11 the following claim: 

(/ + Sa{it, t))-i ^ (/ + itHp)-'P (5.1) 
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as r 0, strongly on Ti. and uniformly on each compact interval of the 
variable t in [0, oo). 

Next we will modify the reasoning of SecElbased on |Ch2t Theorem 1.1] 
with the aim to show the symmetric product case, 

[P{at/n) exp{-itH/n)P{at/n)]'^ ^ exp{-itHp)P, n ^ oo. (5.2) 

Let f E Ti. The resolvent convergence ()5.1|) with t = 1 implies the conver- 
gence of the corresponding semigroups, so we have 



-eSa{i,r) 



f 



f 



(5.3) 



in 7i as r 0, uniformly on each compact interval of the variable 6 > 0. 
Using this equivalence once more we get for any A > the relation 

(/ + A5,(z, r))- V (/ + iXHp)-'Pf , r ^ 0. 

In particular, taking t = 9/n and using the diagonal trick, we infer that 



(/+4=^,(*,^/n))-V^P/, n-^oo^ 



n 



(5.4) 



holds uniformly on each compact ^-interval in [0, oo). Then the mentioned 
lemma from |Chlj yields 



\\FS.e/nYg-e-<'-^-^^^"'^'^^g\\<V^\\{I-FS,e/n))g\\ . 
Choosing again g = (^I + -^Sa{i, O/n)^ f we find that 



< 



I+—Sa{z,e/n)] f-f 
n 



-1 



where the right-hand side tends to zero as n oo by ()5.4p . Using the last 
named convergence once more we get 







(5.5) 
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uniformly on each compact 6'-interval in [0, oo). Choosing now 6 = t we see 
that the vahdity of (j5.2p on PTi. follows immediately from (j5.3p and (j5.5p . 
Consequently, on the subspace PH the assertion (i) is obtained by taking 
a = 1/t for any t belonging to a compact interval in R \ {0} and (ii) by 
choosing simply a = 1. 

The case / G QTi. can be treated as in the proof of Lemma 13.21 together 
this yields the relation (j5.2j) on 7i, i.e. the symmetric product case. The non- 
symmetric product cases can also be checked with the help of Lemma (3.31 - 
cf. part (b) of the proof of Theorem 12.11 in Section 3. This concludes the 
proof of Theorem 12.41 | 

6 An example 

As we have said, our investigation was motivated by the result by Facchi et al. 
|FPSj mentioned in the introduction. Let us thus look how the result looks 
in this case. To see this, consider an open domain C M'^ with a smooth 
boundary, and denote by P the orthogonal projection on L^(R'^) defined 
as the multiplication operator by the indicator function xn of the set Q. 
Consider further the free quantum Hamiltonian H := —A, i.e. the Laplacian 
in M"^ which is a nonnegative self-adjoint operator in L^(M'^), and the Dirichlet 
Laplacian —Aq in defined in the usual way |RS| Sec. XIII. 15] as the 

Friedrichs extension of the appropriate quadratic form. 

We consider the Zeno dynamics in the subspace L^(fi) corresponding to 
a permanent reduction of the wavefunction to the region Q, which may be 
identified with the volume of a detector. In the sense of the L^q^(M; L^(R'^)) 
topology, which is physically plausible as explained in Remark 12.51 we then 
claim that the generator of the dynamics in L'^{Q) is just the appropriate 
Dirichlet Laplacian, 

as ^ OO, or in other words: 
Proposition 6.1 The self-adjoint operator 

-Ap = ((-A)i/2p)*((_A)V2p) (6.2) 

is densely defined in L^(M'^) and its restriction to the subspace L'^{Q) is 
nothing but the Dirichlet Laplacian —Aq of the region Q, with the domain 

D[-An] = w^{n)nw\n). 
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Proof: Let u E D[—Ap], so that u and —Apu belong to L^(]R'^). We have 

{-Apu,Lp) = {u,-Aip) = {-Au,(p), 

for any ip e C^{fl) because ip has a compact support in Q. Thus —Apu = 
—Au holds in Q in the sense of distributions, which means that Au\n G 
On the other hand, since (— A)^/^Pm e L^(]R'^), we have xnu £ 
W'^(M'^). Since we have 

in order to belong to L'^(W^) the function V(xn^) must not contain the 5- type 
singular term, which requires u{-) = on the boundary of ^2. This combined 
with the fact that u\q, Au\q G L'^{Q) - see, e.g., [LM\ Thm 5.4] - implies 
that u\n belongs to W^^Q) and P^q (^)- 

Thus we have shown that G D[—Aq] and {—Apu)\q = —An{u\^) or 
—Aq D — Ap|i2(Q), but both operators are self-adjoint, so they coincide. | 

In this sense therefore our result given in Theorem 12. II provides one pos- 
sible abstract version of the result by Facchi et al. |FPSj. 
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